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Abstract 
 
An analytical solution to describe dilution and volatilisation of a continuous groundwater 
contaminant plume into streams is developed for risk assessment. The location of groundwater 
plume discharge into the stream (discharge through the side versus bottom of the stream) and 
different distributions of the contaminant plume concentration (Gaussian, homogeneous or 
heterogeneous distribution) are considered. The model considering the plume discharged through 
the bank of the river, with a uniform concentration distribution was the most appropriate for risk 
assessment due to its simplicity and limited data requirements. The dilution and volatilisation model 
is able to predict the entire concentration field, and thus the mixing zone, maximum concentration 
and fully mixed concentration in the stream. It can also be used to identify groundwater discharge 
zones from in-stream concentration measurement. The solution was successfully applied to 
published field data obtained in a large and a small Danish stream and provided valuable 
information on the risk posed by the groundwater contaminant plumes. The results provided by the 
dilution and volatilisation model are very different to those obtained with existing point source 
models, with a distributed source leading to a larger mixing length and different concentration field. 
The dilution model can also provide recommendations for sampling locations and the size of impact 
zones in streams. This is of interest for regulators, for example when developing guidelines for the 
implementation of the European Water Framework Directive.  
 
3 
 
Keywords 
dilution, volatilisation, model, groundwater, contaminant, stream 
 
1. Introduction 
The discharge of contaminated groundwater into streams may impact surface water quality, 
with contaminant loads originating from contaminated sites e.g., chlorinated solvents and other 
xenobiotic organic compounds (Conant et al. 2004; Westbrook et al. 2005; Chapman et al. 2007) , 
old landfill sites (Milosevic et al. 2012) or agricultural application of pesticides (McKnight et al. 
2012). Due to the implementation of the European Water Framework Directive (WFD) and the 
increasing exploitation of stream water and groundwater, an increasing effort is made to understand 
the linkage between these two systems and assesses the effect of groundwater contaminants on 
surface water ecosystems and chemical quality (Hancock 2002; McKnight et al. 2010; Schmidt et 
al. 2010; McKnight et al. 2012). Proper tools for quantification of pollutant transport from 
groundwater seepage into streams and the inherent transport and dilution are essential for risk 
assessment and management of groundwater - surface water systems affected by contaminated sites.  
Mixing in rivers and streams has been actively studied since the middle of the 20th century 
and many researchers have been interested in modeling the transport of pollutants. The mixing 
process of pollutants in natural rivers and streams is complicated due to irregularities of the 
velocity, bed configuration, river shape etc. Most existing modeling studies focus on predicting the 
pollutant transport from a point pollutant release, characterized by continuous or instantaneous 
discharge or injection of a known pollutant mass with a low or high (waste water discharge, 
individual jet) initial velocity (Sanders et al. 1977; Fischer et al. 1979; Rutherford 1994; Lung 1995; 
Kalinowska and Rowinski 2012). These models use the advection-dispersion equation to predict the 
concentration distribution in the stream from a point pollutant release and to describe the mixing 
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length, i.e. the downstream distance required to ensure uniform concentration across the river, and 
have been proved to be suitable in many studies (e.g., Lung 1995; Pujol and Sanchez-Cabeza 2000; 
Jirka and Weitbrecht 2005). One-dimensional models have also been developed to cater for the 
retention of pollutant in so-called dead zones (e.g., Runkel 1998) and take into account the changes 
of the factors affecting the pollutant transport (such as water flow rate, channel width and depth and 
stream bed slope) along a short stream length (Ani et al. 2009). These models describe mixing from 
a single point discharge release and do not consider the groundwater discharge plume width and the 
spatial distribution of the source along the stream. Since a distributed groundwater discharge source 
is very different from a point source, it is essential to incorporate these features in a model of the 
transport of pollutants in streams. 
A limited number of recent studies deal with mixing downstream of multiport diffusers where 
pollutants are emitted in a line across a river (Zhang and Zhu 2011; Kalinowska and Rowinski 
2012). For example, Zhang and Zhu (2011) studied the mixing downstream of a multiport diffuser 
in a wide shallow river. They tested the sensitivity of the modeling results to different initial spatial 
distributions of the pollutant in the vertical and lateral direction (homogeneous versus Gaussian 
concentration distributions), and showed that it had little effect on the results. However, the location 
of pollutant emission in the river, the spatial concentration distribution along the river (in the 
longitudinal direction) and the small velocity of discharge, which are characteristics of the 
groundwater seepage, are not considered in this model.  
A model that predicts the pollutant dillution and volatilisation in a stream due to contaminated 
groundwater discharge is currently unavailable. In contrast to the point pollutant release and the 
multiport diffuser, the effluent in the groundwater seepage scenario enters the stream as a 
continuous source from a larger area, most likely from the side of the stream or half of its bottom 
and with a very small velocity and thus small initial dilution. In this study we aim to develop an 
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analytical model for groundwater contaminant discharge mixing in a stream that considers 
transport, dilution and volatilisation processes. The model should be used in a regulatory context for 
risk assessment where simple screening models with limited data requirement are necessary (e.g., 
Chambon et al. 2011). The solution of Fischer (1979) for point pollutant release is modified to 
include volatilisation and all the conditions necessary to describe the concentration distribution of 
contaminated groundwater recharges into streams. It considers a range of boundary conditions 
enabling the risk assessment of various practical cases; for example different locations of 
groundwater seepage in the stream and different spatial concentration distributions of the pollutant 
along the groundwater seepage zone. The paper focusses on describing various options for the 
solution for its application to the groundwater discharge problem. 
Field experimental studies have attempted to identify the surface water - groundwater 
interaction zones, quantify the inflow (Westbrook et al. 2005; Milosevic et al. 2012), and study the 
processes in the sediment bed during groundwater seepage (e.g., Conant et al. 2004; Bianchin et al. 
2006; Chapman et al. 2007; Ellis and Rivett 2007; McKnight et al. 2010; Milosevic et al. 2012). In 
field studies the contaminant discharged from a groundwater plume was rarely detected in the 
stream due to rapid dilution by clean stream water and there is little published work on the resultant 
concentration distribution along the stream. In this study the developed models are compared to the 
field data provided by McKnight et al. (2010) and Nielsen et al. (2014) from two Danish streams. 
The applicability of the models for location of water quality sampling points and risk assessment in 
streams exposed to groundwater contamination is discussed with respect to current EU regulations, 
uncertainty, and potential for further model development.  
 
2. Conceptual model 
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Figure 1a illustrates the conceptual model for the physical system considered in this study, 
where a groundwater plume of width equal to Wplume is discharged into a stream of depth d and 
width W. The model aims to predict contaminant concentration in the stream.   
The groundwater plume can be discharged along half of the bottom of the stream (Figure 2a), 
or along a length of the stream’s bank (Figure 2b). Numerical simulations were performed to 
investigate what is the location of the groundwater plume discharge in typical conditions. The 
governing parameters affecting whether the plume is discharged at the bank or through the stream 
bed are the aquifer depth and hydrogeology, the recharge rate, and the contaminated source 
location. A 2-D model of the catchment of the stream was developed to model the groundwater 
flow at steady state conditions using COMSOL Multiphysics 4.3, a finite element tool. Figure 3a 
shows the conceptual model and boundary conditions used. The simulations were repeated for 
different stream depths and widths, recharge rates and catchment sizes representing a range of 
typical values for streams and aquifers (further details in supporting information). A sand aquifer 
was used with vertical and hydraulic conductivities of 10-4 and 10-5 m/s, respectively. The depth of 
the aquifer did not affect the results. Figure 3b shows the streamlines discharging to the stream 
through the bank (white streamlines) and the stream bed (black streamlines). For each scenario, 
xcritical was estimated, where the xcritical is the maximum distance from the stream of a contaminated 
source where the plume resulting from the source will discharge to the stream through its bank 
(Figure 3b). For typical conditions, xcritical is always larger than 0.5 km, i.e. any contaminated source 
located closer than 0.5 km from the stream will discharge to the stream through its bank (see 
Supporting Information S1 for more details). Since many contaminated sources posing a risk to 
streams are located closer than 0.5 km from the stream, the model considering the plume discharge 
from the bank is the most appropriate in most scenarios and was applied in the model.  
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The scenario where the groundwater seepage is from a length of the bank (Wplume, Figure 2b) 
was compared with point discharge at the bank of the stream (Figure 2c). Finally, for the case 
(Figure 2b) where the plume was discharged over a width (Wplume) the effect of the mass distribution 
of the plume was studied (Figure 4), with the mass being distributed: i) uniformly over the plume’s 
width, ii) as a Gaussian distribution, and iii) non-uniformly (Figure 3). 
 
 
Figure 1.  Conceptual model of the physical system analyzed in this study: groundwater plume of width equal to Wplume 
discharged in the stream of width W. 
    
Figure 2. Conceptual models for groundwater plume discharged at: a) a point at the side of the stream (x=0, y=0), b) along a 
length of the bank (plume width = Wplume), and c) along a length at the half stream bed. x=0 is at the point located at the most 
upstream point of plume discharge. For a) and b) the concentration is assumed uniform in the vertical direction.  
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Figure 3.  a) Conceptual model to test if groundwater reaches the stream from the bank or half the stream bed. b) Black and 
white streamlines show water discharging to the stream bed and the bank of the stream, respectively. Only half of the 
catchment is modeled due to symmetry. xcritical is the maximum distance from the stream that a contaminant at the surface will 
reach the stream from the side.  
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Figure 4. Contaminant plume discharged in the side of the stream; three mass discharge distributions are considered i) Gaussian, 
ii) uniform, and iii) non-uniform. 
  
3. Mathematical model 
A model was developed to estimate contaminant transport in streams where first order 
volatilisation is occurring. The process of volatilisation is described based on the two-film theory, 
which assumes that Fick’s first law can be applied to estimate the flux of gas at the gas-liquid 
interface (Liss & Slater, 1974). The mathematical model is based on the following set of 
assumptions: (i) the initial/ background concentration within the entire domain area of the stream is 
zero, (ii) the depth of the stream is small in comparison with the width, (iii) the cross sectional 
stream area is rectangular, (iv) the groundwater discharge to the stream is negligible compared to 
the flow of the water in the stream, (v) the initial concentration in air is zero.  
For the majority of natural rivers and streams the depth of a river is small compared with its 
width or length; since the mixing time is proportional to the square of the length divided by the 
mixing coefficient, within a relatively short distance from the source, complete mixing in the 
vertical direction will be achieved (Fischer et al. 1979). Therefore the 2-D advection-dispersion 
model with first-order decay due to volatilisation, derived by depth averaging, is effective, in which 
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only longitudinal and transverse mixing are considered (e.g., Ruthven 1971; Fischer et al. 1979; 
Elhadi et al. 1984; Zhang and Zhu 2011): 
𝜕𝐶
𝜕𝑡
= 𝜀𝑙 𝜕2𝐶𝜕𝑥2 + 𝜀𝑡 𝜕2𝐶𝜕𝑥2 − 𝑝𝑝 𝜕𝐶𝜕𝑥 − KV𝐶  
 (1)             
where KV is the volatilisation constant, 𝑝𝑝 [m/s] is the velocity and 𝜀𝑙 [m2/s], 𝜀𝑡 [m2/s] are the 
transverse and longitudinal mixing coefficients, respectively (Fischer et al., 1979). 
 
3.1 Volatilisation 
Volatilisation is a process based on partitioning of a substance between liquid and gas phase 
(Mendoza and Gillham, 1996) and is affected by the conditions in the environment such as wind, 
temperature and water turbulence. Different models describing volatilisation from a stream to the 
atmosphere were reviewed (Southworth (Southworth, 1979), Cadena (Cadena et al. (1984), Thyssen 
(Thyssen et al., 1987; Dahi et al., 1989), Langbein and Durum (Trapp and Harland, 1995) and 
AQUATOX (Park and Clough, 2012)). The review had the aim to select a model with a low number 
of parameters required and a large applicability at different hydrogeological units. The research 
showed that the AQUATOX model requires parameters which are hard to estimate such as the air 
concentration. Similarly, Cadena is based on a parameter which is available for a small amount of 
pollutants and in situ measurements with a tracer are needed to define it. Langbein and Durum 
applies for small streams and disregards the effect of wind in the volatilization process. Finally, 
Southworth can be used for a bigger variety of hydrological units such as rivers, lakes and deltas, 
and is widely used. Therefore, Southworth was implemented in this study. The Southworth model is 
based on the two-film theory and assumes a first order exponential decay. The volatilisation rate is 
constant and is described as:  
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KV = K𝐿𝑑  (2) 
where 𝑑 [m] is the depth of the stream and K𝐿 [m/s] is the overall mass transfer coefficient defined 
as: 
KL = K′𝐻 ∙ k𝑔 ∙ k𝑙K′𝐻 ∙ k𝑔 + k𝑙 (3) 
where K′𝐻 = K𝐻/(R ∙ T),  R [L ∙ atm/(mol ∙ K)] is the gas constant, T [K] is the temperature and K𝐻 is Henry’s Law constant. The temperature dependence of the Henry’s Law Constant can be 
described by: 
KH = 𝑝𝑝𝑥𝑝𝑝 �𝐴 − 𝐵T + 𝐶 ∙ ln (T)�   (4)             
where the coefficients A, B and C are available in the literature (Chen et al, 2012).  k𝑔[m/s] and k𝑙  [m/s] are the gas and liquid phase exchange constants, respectively that for a reference 
temperature equal to 25oC can be estimated as (Southworth, 1979):    
k𝑔 = 1.1375 ∙ (vwind,0.1 + 𝑝𝑝) ∙ �18M   (5) 
k𝑙 = F ∙ 0.2351 ∙ 𝑝𝑝0.969𝑑0.673 ∙ �32M    (6) 
where vwind,0.1 [m/s]  is the wind speed at 0.1 m height and can be estimated from the wind speed 
at 10 m height (vwind,10), which is often available (Trapp and Matthies, 1998). F is a function of vwind,0.1 and is described by Trapp and Harland (1995) and MW is the molar weight of the 
compound.  
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The model is valid for vwind,0.1 lower than 5 m/s which corresponds to a maximum vwind,10 equal 
to 10 m/s (Trapp and Matthies, 1998). It is therefore possible to apply the model in Denmark where 
the annual average vwind,10 equals to 5.8 m/s (DMI, 2013).  
3.1 Point source discharged at the bank 
A rectangular stream of depth, 𝑑 [m] and width, 𝑊𝑊 [m] is assumed into which ?̇?𝑀 units of 
mass per time is discharged. For the scenario where the groundwater is discharged at a point at the 
side of the stream (𝑥=0 and 𝑦 =0, Figure 2a), the concentration 𝐶 [kg/m3] at any point (𝑥,𝑦) 
downstream of the source can be determined by equation (1). The analytical solution of a similar 
differential equation to model multidimensional groundwater flow with longitudinal and transverse 
dispersion and first-order degradation was determined by Hunt (1978). The principle of 
superposition was used to sum the point discharge solutions to obtain a solution incorporating an 
areal mass discharge. The method is described by Fischer et al. (1979). Using Hunt’s analytical 
solution and Fischer’s method of superposition the concentration 𝐶 [kg/m3] at any point (𝑥,𝑦) 
downstream of the source is:  
𝐶(𝑥, 𝑦) = 𝐶𝑚𝑚𝑚𝑄e𝑥𝑝𝑝2𝜀𝑝𝑝2𝑑𝜋�𝜀𝑝𝑝𝜀𝑡 � �K0 � 𝑈2𝜀𝑝𝑝 ��𝑥2 + 𝜀𝑝𝑝𝜀𝑡 (𝑦 − 2𝑛𝑊𝑊 − 𝑦0)2��∞𝑛=−∞
+ K0 � 𝑈2𝜀𝑝𝑝 ��𝑥2 + 𝜀𝑝𝑝𝜀𝑡 (𝑦 − 2𝑛𝑊𝑊 + 𝑦0)2��� 
 
 (7)             
where 𝑥 ∈ (0,∞) and 𝑦 ∈ (0,𝑊𝑊), K0 is the zero-order modified Bessel function,  𝐶𝑚𝑚𝑚 = ?̇?𝑀/𝑄 [kg/m3] is the fully mixed concentration in the stream, 𝑄 �m3/s� is the flow, 
𝑈 = 𝑝𝑝���1 + 4𝜀𝑝𝑝𝐾𝑉/𝑝𝑝�2� [m/s], 𝑝𝑝� = 𝑄/𝑊𝑊𝑊 [m/s] is the mean velocity, 𝑦𝑜 is the y-location where 
the plume is discharged (𝑦𝑜 = 0 for the plume discharged at the bank), 𝜀𝑡 = 0.3𝑑𝑝𝑝∗ [m2/s] 
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(Rutherford 1994) is the transverse mixing coefficient, which dominates the mixing process, 𝜀𝑙 is the 
longitudinal mixing coefficient which can be set equal to the transverse mixing coefficient (Socolofsky and 
Jirka, 2005), 𝑝𝑝∗ = �𝑔𝑑𝑔 [m/s] is the shear velocity, 𝑔 [m2/s] is the acceleration due to gravity and 
𝑔 is the stream slope.  
 
3.2 Plume discharged over a length of the bank 
By using the principle of superposition, Equation (7) can be modified to account for the fact 
that contaminated groundwater is not discharged at a point, but instead is discharged over a length 
of the bank (𝑊𝑊𝑝𝑙𝑝𝑚𝑝) (Figure 2b). The concentration distribution is described by a set of slugs each 
distributed over a distance 𝑑𝑑. Each slug contains a contaminant mass discharge ?̇?𝑀𝑚(𝑑)𝑑𝑑. The 
concentration distribution in the stream is derived using the principle of superposition (Fischer et 
al., 1979) to be:  
𝐶(𝑥,𝑦) = �𝐶𝑖(𝑑)𝑄e𝑥𝑝𝑝2𝜀𝑝𝑝2𝑑𝜋�𝜀𝑝𝑝𝜀𝑡∞−∞ � �K0 � 𝑈2𝜀𝑝𝑝 ��𝑥2 + 𝜀𝑝𝑝𝜀𝑡 (𝑦 − 2𝑛𝑊𝑊 − 𝑦0)2��
∞
𝑛=−∞
+ K0 � 𝑈2𝜀𝑝𝑝 ��𝑥2 + 𝜀𝑝𝑝𝜀𝑡 (𝑦 − 2𝑛𝑊𝑊 + 𝑦0)2��� 𝑑𝑑  
 
(8) 
 
where 𝐶𝑚(𝑑) = ?̇?𝑀𝑚(𝑑)/𝑝𝑝�𝑑𝑊𝑊. Equation 8 is the more general form and is able to account for more 
than one plume at the stream’s bank; this is why the integration is done from –infinity to +infinity. 
For only one plume, the integration will be from 0 to 𝑊𝑊𝑝𝑙𝑝𝑚𝑝 since the concentration is zero 
everywhere else. For most practical cases performing the summation for −20 < 𝑛 < 20, will give 
results with an accuracy on the order of 10−4 ∙ 𝐶𝑚𝑚𝑚. However, for some stream types (such as wide 
and shallow streams with small mean flow, 𝑝𝑝� < 0.003 m/s) summing over a larger range of 𝑛 is 
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necessary to obtain the correct concentration distribution. Performing the summation for −150 <
𝑛 < 150 will give results with an accuracy on the order of 10−4 ∙ 𝐶𝑚𝑚𝑚 for any stream type. The 
integration is performed only for 𝑑 < 𝑥 i.e. for a given 𝑥, only the upstream 𝑑 are considered. 
Equation (8) includes the product exp (𝑧1) ∙ besselk(nu, z2), where 𝑧1 = 𝑥𝑝𝑝/2𝜀𝑙. In many 
case studies, the exponent (𝑥𝑝𝑝/2𝜀𝑙) is very large. In order to overcome this problem in Matlab we 
use the definition of the Matlab modified Bessel function of second kind: besselk(nu, z, 1) =besselk(nu, z) ∙ exp (z), in order to replace the product exp(z1) ∙ besselk(nu, z2) by: 
 exp(z1) ∙besselk(nu, z2) = exp(z1 − z2) ∙ besselk(nu, z2, 1) (9) 
By subtracting z2 from z1, in the term exp(𝑧1 − 𝑧2) the exponent in the exponential term is 
controlled and can always be evaluated numerically.  
In Equation (8) 𝑐(𝑥,𝑦) can be expressed as a function of 9 input parameters: i) the stream’s 
discharge, 𝑄, ii) depth, 𝑑, iii) width, 𝑊𝑊, iv) slope, 𝑔, v)  the plume’s width, 𝑊𝑊𝑝𝑙𝑝𝑚𝑝, vi) the mass 
discharge, ?̇?𝑀 and the volatilisation rate, 𝐾𝑉 which if estimated with the Southworth model requires vii) the 
wind speed at 0.1 m height, viii) the Henry’s Law Constant 𝐾𝐻 and ix) the molar weight of the compound 
(MW). 
Using Equation (8), a vertical mixing model in which the plume is discharged over the whole 
width of the stream bed can be developed, by replacing the transverse direction, 𝑦 with the vertical  
direction 𝑧.  
The developed model can be modified to account for an initial concentration in the stream 𝐶𝑜 
by applying Equation (8) to 𝐶 − 𝐶𝑜 instead of 𝐶. The background air concentration will always be 
negligible due to high dilution by diffusion and turbulence.  
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3.3 Initial concentration distribution over longitudinal direction 
?̇?𝑀𝑚(𝑥) in Equation (8) describes an arbitrary distributed source along the groundwater plume 
width. Three different longitudinal concentration profiles along the plume width were examined 
(Figure 3). Since the vertical mixing time is typically two orders of magnitude smaller than the 
transverse mixing time, a uniform concentration distribution can be assumed along the stream’s 
depth (see section 3.5). 
The first boundary condition assumed a uniform concentration distribution over the plume 
width, where ?̇?𝑀𝑚(𝑥) is defined by:  
?̇?𝑀𝑚(𝑥) = ?̇?𝑀/𝑊𝑊𝑝𝑙𝑝𝑚𝑝, for  0 < 𝑥 < 𝑊𝑊𝑝𝑙𝑝𝑚𝑝   and     ?̇?𝑀𝑚(𝑥) = 0,    for  𝑥 > 𝑊𝑊𝑝𝑙𝑝𝑚𝑝  
The second boundary condition assumed a Gaussian concentration distribution in the 
longitudinal direction over the plume width. For this scenario ?̇?𝑀𝑚(𝑥) is defined by: 
?̇?𝑀(𝑥) = ?̇?𝑀
√2𝜋𝜎2 exp �−(𝑥 − 𝜇)22𝜎2 �                                      (10) 
where 𝜇 is the mean and 𝜎 is the standard deviation 𝜎 = 𝑊𝑊𝑝𝑙𝑝𝑚𝑝/6, assuming that the plume is 
spread over 6 standard deviations, where 6 standard deviations was chosen so that 99.9% of the 
mass is discharged over the width 𝑊𝑊𝑝𝑙𝑝𝑚𝑝.  
The third boundary condition assumed a non-uniform step distribution over the plume width 
(Figure 3), where the groundwater seepage was high over some parts of the bank and low over 
others. This is the most realistic scenario due to the heterogeneity of the groundwater plume or the 
heterogeneity of the aquifer.  
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3.4 Mixing length 
The downstream length at y=0 for the concentration to be within 5% of its mean value 
everywhere in the cross section, i.e. complete mixing in the transversal direction (y-direction), for a 
point source is given by Fischer et al. (1979):  
𝐿𝑚𝑚𝑚_𝑝 = 0.4𝑝𝑝 𝑊𝑊2𝑝𝑝𝑡   (11) 
The downstream length for complete mixing to be achieved in the vertical direction is 𝐿𝑣𝑚𝑚𝑚_𝑝 =
𝑝𝑝𝑑2/𝑝𝑝𝑣, where 𝜀𝑣 (m2/s) is the vertical mixing coefficient, 𝜀𝑣 = 0.067𝑑𝑝𝑝∗.  
 
3.5 Maximum concentration in the stream 
The maximum concentration reached in the stream when a plume with a uniform 
concentration distribution of width, 𝑊𝑊𝑝𝑙𝑝𝑚𝑝 enters the stream from the side will always occur at the 
end of the plume width (𝑥 = 𝑊𝑊𝑝𝑙𝑝𝑚𝑝) and at the bank of the stream (𝑦 = 0). The concentration at 
this point can be estimated using Equation (8), as: 
𝐶𝑚𝑚𝑚 = 𝐶�𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝, 0� = � 𝑐𝑖(𝑑)𝑄e𝑥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝2𝜀𝑝𝑝2𝑑𝜋�𝜀𝑝𝑝𝜀𝑡
𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
0 � �2K0 � 𝑈2𝜀𝑝𝑝 ��𝑥2 + 𝜀𝑝𝑝𝜀𝑡 (−2𝑛𝑊𝑊)2���
∞
𝑛=−∞
𝑑𝑑  
 
 
(12) 
 
where 𝐶𝑚(𝑥) = 𝑀𝑀𝑚(𝑥)/𝑄 , and 𝑀𝑀𝑚(𝑥) is the mass discharged by the contaminated plume. Performing 
the summation for  −150 < 𝑛 < 150 provides a solution with an accuracy of the order of 10−4 ∙ 𝐶𝑚𝑚𝑚 
for any stream type.  The integration is performed only for 𝑑 < 𝑥, i.e. for a given 𝑥, only the upstream 
𝑑 are considered. For non-uniform groundwater discharge distributions, the location of maximum 
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concentration depends on the balance between the groundwater contaminant input and the mixing in 
the stream.  
The analytical solution assumes that groundwater discharge only consists of a mass flux of 
contaminant to the stream and no accompanying water. Because of this, the concentration of 
contaminant in groundwater is not considered in the analytical solution and the 𝐶𝑚𝑚𝑚 concentration  
considers only  the mass injected and the diffusion, dispersion and volatilization processes occurring 
in the stream. 𝐶𝑚𝑚𝑚 will therefore be less than the concentration in the groundwater discharge. 
 
4. Field Studies 
The risk assessment model was applied to two examples of contaminated sites located close to 
streams: Grindsted stream Nielsen et al. (2014) and Skensved stream (McKnight et al. 2010). The 
two streams have different properties (Table 1). Grindsted stream is 10 m wide and 1.7 m deep and 
is contaminated by plume with chlorinated ethenes- including vinyl chloride (VC). Skensved stream 
is a very small stream, 1.4 m wide and 0.11 m deep and is contaminated by a trichloroethylene 
(TCE) plume. At both sites groundwater discharge zones have been characterised and 
concentrations in the stream determined at different locations along the stream at mid-width and 
mid-depth. The parameters used as input for the risk assessment model are shown in Table 1. In 
both cases the transverse mixing length is 5 times larger than the vertical mixing, therefore the 2-D 
advection-dispersion model, derived by depth averaging is effective. Both streams can be 
categorised as small streams, and since the Southworth model, which was used to evaluate the 
volatilisation constant was originally made for medium and large streams (Southworth, 1979), the 
Langbein and Durum model (Trapp and Harland, 1995) was also used to validate the Southworth 
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model in case of a small stream. The two models results in volatilisation constants of the same order 
of magnitude and the same concentration distribution in the stream.  
Table 1. Input parameters including stream and groundwater plume characteristics for application of the risk assessment model 
at Grindsted and Skensved.  
 
Parameter  Grindsteda Skensvedb 
Stream 
parameters 
Q (m3/s) Discharge 1.6  0.0063 
 d (m) Depth 1.7 0.11 
 𝑊𝑊 (m) Width 10 1.4 
 S %o Slope 1.2 2.4 
 T (oC) Seasonally average 
temperature 
9.3 16 
 vwind,10 (m/s) Seasonally average 
windspeed at 10 m  
4.8 4.6 
 𝜀𝑡  m2/s, 
𝜀𝑙  m2/s, 
𝜀𝑣 m2/s transverse,  longitudinal,  vertical mixing coefficient 0.08. 0.08, 0.01 0.0017. 0.0017, 0.00033  
Groundwater 
plume 
𝑊𝑊𝑝𝑙𝑝𝑚𝑝(m) Width of contaminated 
plume 
150 c 250 c 
 Contaminant  vinyl chloride TCE 
 ?̇?𝑀 (µg/s) Mass discharge in inflow 
zone 
580 d 130 d 
 MW (g/mol) Molar weight 63 131 
 A, 
B,  
C 
Constants in Henry’s Law 
Constant versus 
Temperature correlation 
(equation 4) 
-132.4,  
-3775,  
20.36 e 
152.2, 
10547 
-21.23 e 
aNielsen et al. (2014), bMcKnight et al. (2010), c estimated from field data, d  best fit to data based 
on fully mixed stream concentrations using Southworth model, eChen et al. (2012) 
 
5. Application of risk assessment model for streams 
5.1 Effect of area of groundwater discharge concentration distribution 
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The effect of considering the length of the groundwater plume along the bank on the 
concentration distribution in the stream was examined by comparing the results with the point input 
case. A uniform concentration distribution was assumed along the bank.  
Figure 5a-b show the concentration distribution in the Grindsted stream obtained for the two 
different discharge concentration distributions (Figure 2b and 2c). The point source model results in 
a very large concentration at the source (x=0 and y=0) and a large variation in the concentration 
across the stream (Figure 5a and c). The behavior is very different to that observed when the length 
of the groundwater plume is taken into account (Figure 5b and c), and so does not describe the 
mixing due to groundwater discharge very well. The mixing length for the point source model 
obtained with Equation (11) is 𝐿𝑚𝑚𝑚_𝑝= 55 m implying that irrespective of the plume width, a fully 
mixed concentration is reached 55 m downstream the source. In contrast, the model assuming that 
the groundwater seepage occurs over a length at the bank (Figure 5b) takes into account the larger 
area over which the contaminated groundwater plume is discharged and result in the fully mixed 
concentration at 𝑥𝑚𝑚𝑚=205 m downstream from the most upstream point of plume discharge (Figure 
5d). The mixing length is at: 
𝑥𝑚𝑚𝑚 = 𝐿𝑚𝑚𝑚_𝑝 + 𝑊𝑊𝑝𝑙𝑝𝑚𝑝 (13) 
For small streams (e.g. Skensved) similar patterns were obtained to those shown in Figure 5, 
but the variation across the stream width was marginal due to faster mixing across the stream, and 
the concentrations observed in the stream were significantly higher due smaller dilution (lower 
flow).  Equation (13) may lead to an overestimation of the mixing length since the most 
downstream portion of the groundwater mass discharge may only be a small fraction of the total 
discharge, so that complete mixing is not needed for the stream concentration to approach its mean 
(fully mixed) state. However, equation (13) is recommended for use by regulators, where a 
conservative approach is needed.   
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To check the assumption of full vertical mixing, a vertical mixing model was developed 
where the plume enters through the bottom of the stream bed over the entire stream width. Results 
show that the concentration did not vary significantly with depth and that vertical mixing occurred 
almost instantaneously (results are not shown in the paper). Thus the scenario where the plume 
enters through the whole stream bed results in a fully mixed system both across and over depth.  
 
 
 
Figure 5. Vinyl chloride concentration distribution in Grindsted stream obtained when the contaminant is discharged at a point 
at the side of the stream (x=0, y=0) (a), along a length of the bank (Wplume) (b). c-d show the concentration along the longitudinal 
direction (x) at y=0 (bank where contaminant is discharged), y=W/2 (middle of the stream) and y=W. 
  
 
5.2 Effect of initial concentration distribution of the contaminant plume 
For the scenario where the plume is discharged at the side of the stream, three different 
longitudinal concentration profiles along the plume width were examined: i) a uniform 
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concentration distribution (Figure 6a), ii) a Gaussian concentration distribution (Figure 6b), and iii) 
a non-uniform distribution over the plume width (Figure 6c). The shape of the non-uniform 
distribution was chosen so that it gives the best fit to the field data. A uniform concentration 
distribution was assumed in the vertical.  
Figure 6d-f show the vinyl chloride concentration distribution in the middle of the Grindsted 
stream and Figure 7d-f show TCE concentration distribution in the middle of the Skensved stream 
obtained with the three initial concentration distributions. All distributions in each stream resulted 
in the same fully mixed concentration, since the same total mass discharge was used. The biggest 
variation in concentration across the stream and the maximum concentration observed at the bank, 
𝐶𝑚𝑚𝑚 which is a useful indicator for assessing the vulnerability of the stream was obtained with the 
uniform concentration distribution (Figure 6e).  
In order to assess the ability of the dilution model to describe groundwater contaminant 
discharge mixing in a stream and the effect of different initial concentration distributions, the 
concentrations in the middle of the stream obtained with the analytical model were compared to the 
published experimental data sets (McKnight et al. 2010; Nielsen et al. 2014). Figure 6g-i show the 
vinyl chloride concentration in the middle of the Grindsted stream and Figure 7g-i the TCE 
concentration in the middle of the Skensved stream, obtained experimentally and with the three 
initial concentration distributions. The analytical model is able to describe the main features of the 
contaminant concentration in the streams and is suitable for risk assessment. Volatilisation is very 
limited in the Grindsted case (KV = 2.4 ∙ 10−6 s−1) and the same concentration distribution was 
observed when volatilisation was neglected. In Skensved stream a decay is observed in the TCE 
concentration data measured in the field, due to volatilization of the compound in the stream 
(McKnight et al. 2010). Volatilization is more pronounced compared to the Grindsted stream 
because of the shallow depth of the stream, which enhances mass transfer to the atmosphere. When 
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the volatilisation was estimated with the Southworth model (KV = 7 ∙ 10−5 s−1) and a mass of 130 
µg/s, the maximum concentration in the stream compared well with the observed data. However, 
the  concentration distribution along the river was overestimated, but clearly showed the effect of 
volatilisation. The best fit was achieved by fitting both the value of the volatilisation constant and 
the mass discharge (M = 195 µg/s;  KV = 2 ∙ 10−4 s−1, see Figure 7g-i). 
For both case studies little differences are shown among the results obtained with the three 
groundwater discharge distributions, indicating that detailed knowledge of the distribution may not 
be very important for risk assessment at an initial stage.  
Later, if field data for the concentration distribution in the stream is available, the model can 
be used to infer the points of groundwater input and construct the non-uniform groundwater 
discharge distribution. The slope of the stream concentration curve (Figure 7i) provides information 
on the contaminant mass input at any given point (Figure 7c). Thus an additional practical use of the 
model is that it can be used to analyse the distribution of mass discharge along the stream bank, and 
can therefore be used to determine sampling locations in detailed monitoring campaigns, and 
motivate more sophisticated modelling approaches before implementation of remediation strategies. 
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Figure 6. Plume discharged over a length of the stream bank with a uniform (a), a Gaussian (b) and a non-uniform (c) initial 
concentration distribution. d-f show the vinyl chloride concentration distribution in Grindsted stream obtained with the three 
distributions. g-i show the concentration in the middle of the stream’s width for the three distributions, and the field data. 
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Figure 7. Plume discharged over a length of the stream bank with a uniform (a), a Gaussian (b) and a non-uniform (c) initial 
concentration distribution. d-f show the TCE concentration distribution in Skensved stream obtained with the three 
distributions. In a-f the best fit values are used (𝐊𝐕 = 𝟐 ∙ 𝟏𝟏−𝟒 𝐬−𝟏 and ?̇? = 𝟏𝟏𝟏 𝛍𝛍/𝐋). g-i show the field observations and the 
concentration in the middle of the stream’s width for the three distributions, with the Southworth estimated 𝐊𝐕 = 𝟕 ∙ 𝟏𝟏−𝟏 𝐬−𝟏 
and ?̇? = 𝟏𝟏𝟏 𝛍𝛍/𝐋  and the best fitted values (𝐊𝐕 = 𝟐 ∙ 𝟏𝟏−𝟒 𝐬−𝟏 and ?̇? = 𝟏𝟏𝟏 𝛍𝛍/𝐋).. 
 
5.3 Use of stream dilution models in regulatory practice 
The dilution model can estimate the concentrations at any point in the stream and the location 
where fully mixed conditions are achieved and can be used in a regulatory context to evaluate 
contaminated groundwater plume discharges into streams. To control point source releases into 
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surface waters, a “combined approach” has been developed (WFD-EC, 2000) which regulates both 
the pollutant concentrations at the end of the pipes (emission limited values, ELM), and the 
concentration at the receiving water bodies by setting environmental quality standards (EQS). The 
EQS should not be exceeded beyond an allocated impact zone, the “mixing zone” (Directive, 
2008/105/EC). In order to ensure that the extent of the mixing zone is restricted to the proximity of 
the discharge point, it is recommended that the size of the mixing zone is 10 × 𝑊𝑊, where 𝑊𝑊 is the 
width of the river (EC-Mixing Zone Guidelines, 2010). These guidelines for point source discharge 
can be adapted for the groundwater plume discharge, by setting the length of the mixing zone at a 
distance downstream of the most upstream end of the plume equal to 𝑊𝑊𝑝𝑙𝑝𝑚𝑝 + 10 × 𝑊𝑊 and at the 
bank. This distance considers the size of the stream, the width of the groundwater plume and 
prevents large stream sections being exposed to high concentrations.  
The EU guidelines (EC-Mixing Zone Guidelines, 2010) for point source discharges, suggest 
that in complex cases a more detailed assessment may be required, involving the use of computer-
based modeling techniques that calculate the spatial and temporal variation of the concentration. For 
cases where groundwater plume discharged in streams, the dilution model presented in this paper 
can be used.  
From a regulatory point of view for risk assessment, the values of interest are 𝐶𝑚𝑚𝑚, 𝐶𝑚𝑚𝑚 and 
𝐿𝑚𝑚𝑚 (Figure 8). 𝐶𝑚𝑚𝑚 and 𝐶𝑚𝑚𝑚 provide the fully mixed and maximum stream concentrations 
respectively and can be compared with guideline values for stream water quality. Lmix can be used 
in risk assessment to direct the location of stream water quality sampling. The calculation of 𝐶𝑚𝑚𝑚 
(Equation (7)) is more complex and requires more input data than the calculation of 𝐶𝑚𝑚𝑚, but is not 
always necessary since in some scenarios 𝐶𝑚𝑚𝑚 equals 𝐶𝑚𝑚𝑚 and 𝐿𝑚𝑚𝑚 = 0. As shown in Figure 8a, 
the three parameters have a different significance for each case study, with results depending on the 
stream and groundwater plume characteristics. The highest values of 𝐶𝑚𝑚𝑚 are usually found in 
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streams with high flow and large mass discharges, while for many small streams 𝐶𝑚𝑚𝑚 equals 𝐶𝑚𝑚𝑚 
(e.g., stream A in Figure 8a). Moreover, it is possible to investigate the size of and the relation 
between 𝐿𝑚𝑚𝑚, 𝐶𝑚𝑚𝑚 and 𝐶𝑚𝑚𝑚  for different plume and stream characteristics. We investigated this 
for Danish streams types, which were divided in small (W<2 m), medium (2 m<W<10 m) and large 
(W>10 m) according to Danish conditions. A Monte Carlo sensitivity analysis was performed to 
evaluate the mean and standard deviation of 𝐿𝑚𝑚𝑚, 𝐶𝑚𝑚𝑚 and 𝐶𝑚𝑚𝑚 for each stream type and 
combinations of contaminant discharge and plume widths. The results showed that for small and 
medium Danish streams, 𝐶𝑚𝑚𝑚 approximates 𝐶𝑚𝑚𝑚, while for large Danish streams the value of 
𝐶𝑚𝑚𝑚 was different from 𝐶𝑚𝑚𝑚 and should therefore be calculated. It is possible to further simplify 
the model and the data requirements by setting the depth and width of the stream to default values 
(see supporting information for more details), which can be useful for screening purposes or when 
there is a lack of appropriate local data. A similar analysis can be performed for different ranges of 
stream and groundwater plume sizes.  
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Figure 8. a) Concentration at y=0 for two stream types A and B; Cmax, Cmix and Lmix are shown. It is assumed that the plume is 
discharged at the bank with uniform concentration distribution. b) Location of Cmax, Cmix and Lmix for stream A.   
 
5.4 Model assumptions, data needs and further development  
The analytical solutions presented are designed to assess the risk of streams by groundwater 
contaminant plumes. The analytical solution applies for a constant flow and mass discharge but 
these can vary significantly during the year (Schmidt et al. 2010). For risk assessment it is 
recommended to use the annual minimum flow in stream. Since the time scales to reach steady state 
in the stream are small compared to the time scales of stream flow or groundwater mass discharge, 
it is possible to use the model for periods with different flows or mass discharges to consider the 
effect of variations in both parameters.  
The groundwater system can be highly variable and its hydrodynamic behavior erratic, 
depending on recharge, aquifer hydraulic heterogeneity and storage in river bank. The shape and 
flow
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flow of the plume discharged into the stream may vary, resulting in non-equilibrium behavior of the 
contaminant transport through the stream (e.g. Marion et al., 2008; Silva et al. 2009). Boundary 
conditions that deal with heterogeneous and transient aquifer boundaries, river bank effects and 
storage in low river bends have been proposed and implemented in the literature (e.g., Lees et al. 
2000; Silva et al. 2009; Moench 1995; Gooseff et al. 2011; Pedretti et al. 2014). These mass transfer 
boundary conditions are usually adapted to model systems dominated by fast flow regions that 
receive solutes from less mobile regions. In this work the source is modelled as an immobile mass 
entering the stream. These additional effects were not implemented in the model presented in this 
paper because our aim was to develop a simple model for risk assessment, with small data needs.  
Natural streams are not rectangular channels, which complicates the analysis. The dilution 
models are developed for straight channels, which limits the mixing; addition of bends will decrease 
the mixing length by increasing the magnitude of diffusion coefficients (Fukuoka and Sayre 1973). 
Moreover, the model assumes that the channel cross sectional geometry is uniform and the river bed 
is straight. Incorporating varying river characteristics such as morphology and vegetation into the 
model would require site specific data, which are often not available and the introduction of 
variable parameters (Guymer 1998; Marsili-Libelli and Giusti 2008), thus complicating the simple 
model structure.  
Transverse mixing processes can be described by the transverse diffusion coefficient, 𝑝𝑝𝑡 
which is affected by the river sinuosity, local curvature, river width, depth, discharge, river shear 
velocity and ice cover. Numerous studies propose theoretical equations to predict how the 
transverse diffusion coefficient varies with stream geometry and flow conditions (e.g., Bansal 1971; 
Yotsukura and Sayre 1976; Sanders et al. 1977; Fischer et al. 1979; Rutherford 1994; Jeon et al. 
2007), which can result in significantly different concentration distributions and mixing lengths. In 
fact only in-situ tracer tests can reliably estimate this parameter, but these are logistically difficult 
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and expensive. Some of the equations proposed require values for the sinuosity, radius of curvature 
and the roughness coefficient of the stream, which are difficult to obtain. The risk assessment model 
employs a simple and conservative approach to evaluate the transverse dispersion coefficient 
(𝑝𝑝𝑡 = 0.3𝑝𝑝∗d), as proposed by Fischer et al. (1979) and Rutherford (1994) and which is based on a 
large number of published field studies. The coefficient used (0.3) is the smallest coefficient from 
the range of coefficients proposed by Fischer et al. (1979), and the smallest one for a “meandering” 
channel proposed by Rutherford (1994), which will result in a more conservative solution. 
If a detailed site assessment is required, a numerical model could be used to incorporate the 
variability of the parameters characterizing the pollutant transport along the length of the river, the 
width and depth. 
A prerequisite for using the model is the availability of site specific data for the stream 
parameters (discharge, depth, width, slope and temperature), the groundwater plume parameters 
(mass discharge, width, molecular weight of compound) and the wind speed at 10 m above the 
surface of the water. For many streams it is easy to obtain a representative value for the average 
stream discharge, bed slope, the temperature and the wind speed from databases. It is often more 
difficult to map the contaminated groundwater plume, and both site specific mass discharge and 
plume width data are needed to determine the location of plume discharge to the stream, and to 
identify x=0 and the plume width (Figure 8). It must be kept in mind that all these parameters are 
inherently uncertain, and this uncertainty can affect the results such as the value of the mixing 
length and recommended point of compliance (Equation (12))  
 
7 Conclusions  
The model presented in this study is a simple convolution of the model of Fischer et al. (1979) 
and the main contribution is the application to groundwater discharge to streams and the addition of 
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volatilisation. The model is designed for the risk assessment of streams contaminated by 
groundwater plumes and considers the most important characteristics of the discharge of 
groundwater plumes in streams and processes leading to the dilution and volatilisation of 
contaminants in open channel flows. Comparison of the model with observed data showed that it 
can successfully describe the main trends and provide valuable information on the risk posed by 
different groundwater plumes to the stream, such as the peak concentration in the stream, the 
mixing length and recommendations for location of the point of compliance. In contrast the existing 
point source model provides a fundamentally different output and fails to describe the mixing length 
and concentration distribution near the plume discharge. The presented model does not require 
many additional parameters. Detailed knowledge of the characteristics of groundwater plume 
discharge, such as the distribution of contaminant mass discharge along the banks or the location of 
the plume discharge were shown not to be important. Volatilisation was considered and was found 
to be significant in shallow streams; the general trend of concentration distribution in the stream 
was not described when volatilisation was neglected and the maximum concentration achieved was 
one order of magnitude higher. In the context of risk assessment it is recommended to use the 
analytical solution with a uniform concentration distribution along the stream bank. Due to its 
ability to describe observed field data and its simplicity, the proposed approach is suitable for 
regulatory use and has recently been implemented in the risk assessment tool developed by the 
Danish EPA in response to the EU Water Framework Directive (Aisopou et al., 2014). Similar 
solutions are already widely used in the EU for assessing point source input (e.g., pipe discharges to 
rivers) (EC-Mixing Zone Guidelines, 2010). Finally, the analytical model has an important practical 
purpose because it can be used to identify groundwater discharge zones from stream data. This can 
be used to determine sampling locations in detailed monitoring campaigns, which can support 
advanced numerical modelling and implementation of remediation strategies.  
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Figure captions 
Figure 1.  Conceptual model of the physical system analyzed in this study: groundwater plume of 
width equal to Wplume discharged in the stream of width W. 
Figure 2. Conceptual models for groundwater plume discharged at: a) a point at the side of the 
stream (x=0, y=0), b) along a length of the bank (plume width = Wplume), and c) along a length at 
the half stream bed. x=0 is at the point located at the most upstream point of plume discharge. 
For a) and b) the concentration is assumed uniform in the vertical direction.  
Figure 3. Contaminant plume discharged in the side of the stream; three mass discharge 
distributions are considered i) Gaussian, ii) uniform, and iii) non-uniform. 
Figure 4. Vinyl chloride concentration distribution in Grindsted stream obtained when the 
contaminant is discharged at a point at the side of the stream (x=0, y=0) (a), along a length of the 
bank (Wplume), (b) and along a length at the half of the stream bed. d-f show the concentration 
along the longitudinal direction (x) at y=0 (bank where contaminant is discharged), y=W/2 
(middle of the stream) and y=W. 
Figure 5.  a) Conceptual model to test if groundwater reaches the stream from the bank or half the 
stream bed. b) Black and white streamlines show water discharging to the stream bed and the 
bank of the stream, respectively. Only half of the catchment is modeled due to symmetry. xcritical 
is the maximum distance from the stream that a contaminant at the surface will reach the stream 
from the side.  
Figure 6. Plume discharged over a length of the stream bank with a uniform (a), a Gaussian (b) and 
a non-uniform (c) initial concentration distribution. d-f show the vinyl chloride concentration 
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distribution in Grindsted stream obtained with the three distributions. g-i show the concentration 
in the middle of the stream’s width for the three distributions, and the field data. 
Figure 7. Plume discharged over a length of the stream bank with a uniform (a), a Gaussian (b) and 
a non-uniform (c) initial concentration distribution. d-f show the TCE concentration distribution 
in Skensved stream obtained with the three distributions. g-i show the concentration in the 
middle of the stream’s width for the three distributions, and the field observations. 
Figure 8. a) Concentration at y=0 for two stream types A and B; Cmax, Cmix and Lmix are shown. It is 
assumed that the plume is discharged at the bank with uniform concentration distribution. b) 
Location of Cmax, Cmix and Lmix for stream A.   
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